By taking advantage of the trace approximation, one can gain an enormous computational advantage when solving for the global turbulent transport of impurities. In particular, this makes feasible the study of non-Maxwellian transport coupled in radius and energy, allowing collisions and transport to be accounted for on similar time scales, as occurs for fast ions. In this work, we study the fully-nonlinear ITG-driven trace turbulent transport of locally heated and injected fast ions. Previous results indicated the existence of MeV-range minorities heated by cyclotron resonance, and an associated density pinch effect. Here, we build upon this result using the t3core code to solve for the distribution of these minorities, consistently including the effects of collisions, gyrokinetic turbulence, and heating. Using the same tool to study the transport of injected fast ions, we contrast the qualitative features of their transport with that of the heated minorities. Our results indicate that heated minorities are more strongly affected by microturbulence than injected fast ions. The physical interpretation of this difference provides a possible explanation for the observed synergy when NBI heating is combined with ICRH. Furthermore, we move beyond the trace approximation to develop a model which allows one to easily account for the reduction of anomalous transport due to the presence of fast ions in electrostatic turbulence.
Previous results indicated that the effect of microturbulence on these heated minorities is to cause a density "pinch" of fast ions against their temperature gradient [2] , an effect which is also expected from the quasilinear diffusion coefficients of Maxwellian fast ions [3] . Another auxiliary heating scheme is neutral beam injection (NBI) in which an energetic beam of neutral particles is injected into the plasma, where they collide with thermal ions, ionizing and giving up their energy. This effectively results in a high energy "source" of fast ions taken from the bulk thermal population, mimicking the birth of alpha particles in fusion reactions.
We consider two classes of fast ions in this work: "heated", where heat is supplied to an already-present species; and "injected", which involves fast ions entering the plasma at high energy and slowing-down via collisions. The ICRH-heated minorities are an example of the former category, while NBI ions and alpha particles are examples of the latter. Although NBI heating profiles are unlikely to be similar to ICRH ions in real experiments, to assist in directly comparing both types, we will be using the same boundary conditions and energy deposition profile.
This article is organized as follows. In Sec. 1, we introduce our framework for solving the transport problem and describe the case we simulate. In Sec. 2, we describe and interpret our results from the t3core transport simulations, contrasting the behavior of heated and injected fast ions. Finally, in Sec. 3, we improve upon the trace approximation by developing a simple model to adjust the bulk plasma anomalous transport when fast ions are present in significant quantities.
Description of the problem
The method we use to solve the multiscale transport problem is based on the trace approximation, in which the fast ions do not have an effect on the turbulence. In a later section, we provide corrections to this approximation. For now, assuming the trace approximation holds, the pitch-angle averaged low-collisionality transport equation reads [4, 5] :
where S is the source; V (r) is the volume enclosed by the flux surface labelled by its half-width r; Γ r is the turbulent radial flux of fast ions as a function of speed v; and Γ v includes all forms of transport in energy: turbulent energy exchange, direct heating, collisional diffusion and slowing-down. Upon pitch-angle averaging to obtain Eq. (1), we eliminate the pitch-angle scattering from both collisions and turbulence. However, in order to obtain a closed equation for the pitch-angle averaged distribution function F 0 , we neglect the pitch angle dependence of the turbulent diffusivities (which multiply derivatives of F 0 ). According to the scalings of Ref. [6] , this assumption is incorrect. However, the numerical results of Ref. [7] seem to indicate a very weak dependence of the diffusivity on pitch angle, at least at high energy and for non-extreme pitch angles (e.g. ξ 0.99). With the caveat that a more complete treatment includes the pitch-angle dependence of the turbulent transport, we proceed to apply the trace approximation [8] to write the fluxes in terms of energy-dependent diffusivities as:
where ν s and ν are the slowing-down and parallel velocity diffusion collision frequencies [9] summed over all bulk species, P (r) is the heating power per unit volume, m is the fast ion mass, and n f is the local fast ion density. Whether the source S or injected power P is used to inject energy into the system is the difference between "injected" and "heated" fast ions discussed above, and this is a distinction we will continue to make throughout this work. The form of the heating term in Eq. (3) is the same as the equation used by Ref. [10] for the isotropic part of the ICRH-heated distribution.
Equations (1), (2) , and (3) form a closed two-dimensional partial differential equation and is of similar form to that used in Ref. [5] , except our treatment is not a quasilinear model, but is rigorous for trace transport in full nonlinear turbulence. The tool we employ to solve Eq. (1) is t3core, which was originally developed for alpha particle transport [11] and employs a finite-volume method and obtains the diffusion coefficients by post-processing output from gs2 [12] nonlinear gyrokinetic turbulence simulations. This is done by comparing the fluxes of two different trace species with the same charge and mass, but different radial gradients and/or temperatures. For each energy and radius, one can determine the unknowns D rr and D rv by algebraically solving Eq. (2) for each of the two species given the two different equilibrium distributions and the corresponding calculated fluxes. The local properties of our nominal case at r = 0.25a, which is the same ITERlike scenario from Ref. [2] , are as follows. The shape of the flux surface is such that the ellipticity is κ = 1.409 and triangularity is δ = 0.075 (with radial derivatives aκ = 0.0914 and aδ = 0.1405, respectively). The center of the flux surface has a major radius of R = 3.29a, and R (r) = −0.0818. The magnetic shear isŝ = 0.127 and q = 1.27. The plasma is a mixture of 70% protons and 30% 4 He by charge density, there is no local gradient in particle density for either electrons or ions. Electrons are a dynamic kinetic species, and our simulations include only electrostatic fluctuations. This case is based off of an ITER hybrid scenario (case 20020100 from the ITPA public database [13] ), but with an increased ion temperature gradient scale length aT i /T i = −1.509 so that the ion temperature gradient (ITG) mode is marginally unstable. The electron density is 9.24 × 10 19 /m 3 , temperatures are T i = T e = 25 keV, and ρ * = ρ i /a = 0.0033. In our transport simulations for the fast ions, an estimated peak power density of P max = 140 kW/m 3 is absorbed by the 3 He minority, and is radially distributed as a Gaussian with a width of ∆r = 0.025a: P (r) = P max exp − (r − 0.25a) 2 /2∆r 2 . This is an approximation of the simulated absorption profile in Ref. [2] . When we consider the NBI-like injected case, these are protons injected at 1 MeV with an identical radial power distribution as the ICRH ions:
where the constant of proportionality for each radius is numerically calculated so that
. The domain of our transport simulations is the annulus 0.1 ≤ r/a ≤ 0.4. Throughout this domain, the turbulence has identical properties as calculated by gyrokinetic flux tube simulations at r = 0.25a. This is done in order to isolate the effects of transport; although a transport simulation whose flux tubes are radiallyvarying is more reflective of reality, and certainly possible in our framework, it is an unecessary complication. Figure 1 shows the energy dependence of the four diffusion coefficients as determined from these gs2 simulations. There, we compare several types of fast ions which might be present: ICRH-heated 3 He, NBI knock-on 1 H, and fusion produced alpha particles ( 4 He). The horizontal axis is expressed as the ratio of the Larmor radius (at a given energy) to the thermal hydrogen Larmor radius ρ i . This is done to highlight the consistent physics between the species: the diffusion peaks at approximately the same Larmor radius in all cases, and has similar scaling at high energy. Although the coefficients differ by factors of order unity, qualitatively they are similar functions of energy, when properly scaled to account for different isotopes. These coefficients form the basis of the transport simulations that follow. Note that despite D vr and D vv appearing large when written in SI units, they contribute negligibly to the transport simulations because these terms are small compared to the corresponding radial transport terms and collisions. Nevertheless, these terms are retained in our simulations for completeness. For a disussion of Onsager symmetry between D rv and D vr at high energy, see the appendix.
From our gyrokinetic simulations of this case, we obtain a turbulent heat flux of 0.73MW/m 2 , which translates to about 100 MW of core heating power, which is beyond ITER's external heating capability. This indicates that our simulations are too strongly driven. Nevertheless, we will consider this the "nominal" case, and we will routinely rescale the diffusion coefficients by various factors throughout this work to quantitatively examine the range of effect turbulence can have on fast ions. The energy dependence of the diffusion coefficients does not change significantly when more strongly-or weakly-driven turbulence simulations are run, so this practice of rescaling the diffusion coefficients is robust. The boundary conditions used for the transport solution are as follows. At r = 0.4a, the population of minorities is held fixed as a Maxwellian at the local ion temperature and a density of n f 0 = 10 17 /m 3 , approximately 0.1% of the electron density n e = 9.24 × 10 19 /m 3 . At the inner boundary r = 0.1a, the net flux of minorities into the domain is zero at every energy. In velocity space, the flux through v = 0 vanishes, and the distribution is set to vanish at a suitably high speed v max . The temperature is held fixed at T e = T i = 25keV throughout the domain.
Comparing heated and injected ions: results and interpretation
Previous results indicated that microturbulence has the effect of causing a particle pinch of ICRH-heated minority ions against their own strong temperature gradient [2] . This conclusion was reached with a fixed fast ion distribution and radial profiles, while here we let these evolve consistently with the turbulence around the peak heating location. For comparison, we will be comparing this to ions injected at high energy, reflecting the behavior of neutral beam knock-on ions. Specifically, the velocity distribution of ICRH-type ions is more "globally" affected and moments are generally more sensitive to the turbulence, whereas for injected fast ions, turbulence has a localized effect where transport is the strongest, causing an inversion ("bump-on-tail") in some cases. Figure 2 shows a sample of our results, plotting the radial profile of ICRH ions as a function of radius, showing the effect of decreasing the diffusivities. Naturally, we define the temperature for a non-Maxwellian distribution as T f = (mv 2 /3) F 0 d 3 v/n f . For sufficiently weak transport (or sufficiently strong power injection), one obtains a strong peak in temperature that depends quite strongly on the turbulence. When the turbulence is sufficiently suppressed so as to allow a sharp peak in heated minority temperature, we observe the expected density pinch. In the case of reduced turbulence, where the diffusion coefficients are scaled down by factors of ten, the density of 3 He is enhanced around the heating location due to this "thermodiffusion" (a flux of particles against a temperature gradient). Eventually, particle diffusion balances this effect to create the steady-state profiles shown.
We find that the NBI-like "injected" fast ions are less sensitive to the turbulence than the ICRH ions: the peak density only changes by a factor of two when the turbulence is weakened by the same factor of ten, while the temperature changes by less than 15% (300 keV for the nominal case). We demonstrate in Fig. 3 that the peak pressure of ICRH-heated ions is more sensitive to the turbulence than NBI-type ions Maximum pressure of fast ions (normalized to the electron pressure) as a function of the turbulence amplification factor. The "inconsistently heated" case is where a constant minority density is assumed throughout the domain when implementing the heating term.
and, by extension, alpha particles. The latter are capable of reaching higher pressures at a given amplitude of turbulence.
The microturbulence also has an effect on the velocity space distribution (see Fig. 4 ), and there again we see ICRH-heated fast ions being more sensitive. Note in Fig. 4 that, even when the turbulence is weak, it affects the velocity distribution of heated ions at all energies, while the effect on the distribution of injected ions is more localized around where D rr is dominant over collisions. This localization in velocity space is seen even more clearly in the distribution of alpha particles [11] , which extends to yet higher Modification of the distribution function of NBI-knock-ons (top) and ICRH-heated ions (bottom) at the peak heating radius r = 0.25a. To compare with the over-driven nominal case (solid black), the diffusion coefficients are scaled down by factors of two (dashed blue) and ten (dotted cyan) in each.
energies, where it is less affected by microturbulence.
To understand the physical reason for this qualitative difference, in Fig. 5 examine the paths through phase space that each type of fast ion takes. Recall that particles with moderately suprathermal energies (where v ∼ 2v ti ) are most affected by the turbulence. Injected ions slow down via collisions before they reach these energies, while heated ions must "pass through" the turbulence-dominated part of velocity space before becoming part of the distribution at high energy. If the turbulence is too strong, heated particles are transported radially before reaching high energies.
Fast ion dilution model
The trace approximation is needed when using the diffusive form for the turbulent fluxes in Eqs. (2) and (3). However, even when fast ions are not strictly trace, they may still not participate directly in the drift wave dynamics. Instead, via quasineutrality of the equilibrium, they take the place of the thermal ions which are driving the turbulence. If this near-trace behavior can be easily predicted, one could rescale the anomalous fluxes without running additional turbulence simulations. This section seeks to develop such a model for electrostatic turbulence. When solving for the perturbed electrostatic potential φ, quasineutrality reads [14] :
where h s is the non-adiabatic part of the perturbed distribution of species s, F 0s is its equilibrium distribution function, and r signifies the gyro-average at fixed position in space. Suppose we have a simulation which contains only singly-charged thermal ions and adiabatic electrons in quasineutrality so that n i = n e . In this case, eφ ∝ n i / (n i /T i + n e /T e ) = T i / (1 + τ ), where τ ≡ T i /T e . Now, introduce a population of adiabatic fast ions with charge density Z f n f such that now n i +Z f n f = n e . Then, eφ ∝ n i / n i /T i + n e /T e + Z 2 f n f /T f = T i / (1 + τ eff ) , which serves to define an "effective temperature ratio" τ eff , and T f is a suitable "effective temperature" of the fast ions, which may or may not be Maxwellian. In order for the computed φ to be the same under these circumstances, we can account for the fast ions by adjusting the temperature ratio of the original simulations accordingly:
where τ is the original (physical) temperature ratio. This second term in the numerator can be neglected for sufficiently hot ions provided that T f Z f T i . The case used in this section is at r = 0.5a of ITER scenario 10010100 from the ITPA database [13] , an ELMy H-mode case of 50/50 deuterium/tritium. The physical parameters at this flux surface are: q = 1.54,ŝ = 0.435, κ = 1.49, aκ = 0.38, δ = 0.174, aδ = 0.44, and a Shafranov shift derivative of R 0 (r) = −0.084. The bulk ions are deuterium with a temperature T i = 0.86T e , and nominally have a/L T i = 1.672, while a/L T e = 1.732 and a/L ne = a/L ni = 0. The fast ions are considered to be deuterium at a temperature of T f = 100T i and varying density, with no density or temperature gradients. Due to the large number of simulations required these simulations were of relatively low resolution. The spatial grid is defined by perpendicular to the magnetic field, and N θ = 18 along the magnetic field. Velocity space has 10 points in energy, and 26 pitch angles. Figure 6 (a) shows the results of deuterium heat flux from nonlinear gs2 simulations near ITG marginality at several fast ion concentrations. It is evident that dilution has little effect on the critical gradient length scale: a/L T i0 ≈ 1.49 ± 0.04, but it does reduce the stiffness. The value of χ i obtained for several fast ion concentrations is shown in Fig. 6(b) . There, we also show that χ i scales similarly to the linear growth rate, as might be expected from critical balance arguments [15] . We choose a power law fit of these simulations to reflect the behavior of Eq. (5), which results in the following model:
where χ i,0 is the thermal ion diffusivity without any fast ions. Note that the experimental scaling of thermal diffusivity with respect to temperature ratio χ i ∝ τ −3 [16] is remarkably consistent with our results when applying Eq. (5). We expect this model to be valid to the extent that the following assumptions hold: the turbulence is dominated by electrostatic dynamics; adiabatic electrons and fast ions remain a good approximation; the temperature ratio continues to obey the scaling of Ref. [16] ; and one is in the limit of high "temperature" fast ions (i.e. the fast ion term vanishes in the denominator of Eq. (4)). These latter two assumptions can be relaxed by replacing the power in Eq. (6) and/or by including the additional term in the numerator of Eq. (5). Furthermore, we note that previous work done on fast ion dilution [17, 4] is also consistent with this model.
By applying Eq. (6), a transport simulation of the bulk plasma can easily and consistently respond to the stabilizing presence of fast ions, at least to a leading approximation. This could have implications for the formation of internal transport barriers, and the intrepid modeller can optimise the heating profile to take advantage of this effect.
Conclusion
In this work, we explored the global non-Maxwellian transport of isotropic heated minority ions, allowing their radial and velocity distribution to arise naturally from the physics of collisions, gyrokinetic microturbulence, and direct heating. Our aim was to highlight the qualitative differences between their response to microturbulence and that of fast ions such as those generated by NBI or fusion reactions. Despite their very similar diffusion coefficients, these differences fundamentally limit how robustly they can mimic the turbulent transport of alpha particles, and this limitation is primarily due to how each type gains energy. However, their relatively strong sensitivity could allow them to be a useful probe of the turbulence, and as experimental validation for transport tools such as t3core.
It has been experimentally observed that simultaneously applying NBI and IRCH heating simultaneously results in more heating than the sum of either of them alone [18] . Our results provide a possible explanation for this phenomenon. ICRH-heated minorities are more affected by the turbulence because they have the opportunity to transport radially before being heated. Therefore, if one heats ions via ICRH that are already at high energy (via, for example, NBI), where turbulence has less effect, then one avoids the strong-transport region of phase space altogether.
Two important caveats to our results are the electrostatic and isotropic assumptions. Electromagnetic fluctuations, even in primarily electrostatic turbulence, could be important for trace transport at sufficiently high plasma beta. Also, the fast ions considered here are generally not isotropic in velocity space. In order for our results to faithfully reflect the isotropic part of such a velocity distribution, we had to ignore the pitch-angle dependence of the turbulent diffusion coefficients. We believe that our core result (that ICRH ions are more sensitive to the microturbulence, having an impact on the distribution at all energies) is robust to relaxing this assumption, but further study is expected and welcome.
The transport results presented here rely upon fast ions being trace, which is a robust assumption for electrostatic turbulence at small concentrations. Where fast ions might make up a more significant fraction of the plasma, we presented a model to account for their effect on the bulk plasma transport as a next approximation. Although the t3core simulations presented here do not employ this model, we believe it will be very useful for future transport simulations.
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The operator L is the left-hand side of the collisionless gyrokinetic equation, so that when acting on the non-adiabatic perturbed distribution h:
where v d is the magnetic drift velocity including the ∇B and curvature drifts, and v φ ≡ (c/B) b × ∇ φ R . The unit vector b points in the direction of the equilibrium magnetic field. What makes our transport calculations possible is that, for a trace species only, L is a linear operator, although it does in general depend on φ. Note that this is not equivalent to the quasilinear approximation used, for example, in Refs. [3] and [5] , and is more generally applicable. The quasilinear approximation is when one further assumes that the v φ term in Eq. A.1 is negligible. This becomes more accurate at high energy, when v d v φ . Now, consider the following expressions for the diffusion coefficients: 
